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Abstrat
We give a ondition on a pieewise onstant roof funtion and an
irrational rotation by α on the irle to give rise to a speial ow having
the mild mixing property. Suh ows will also satisfy Ratner's property.
As a onsequene we obtain a lass of mildly mixing singular ows on the
twotorus that arise from quasi-periodi Hamiltonians ows by veloity
hanges.
1 Introdution
A nite measurepreserving dynamial system is mildly mixing (see [8℄) if its
Cartesian produt with an arbitrary ergodi onservative (nite or innite)
measure-preserving dynamial system remains ergodi. It is an immediate ob-
servation that the (strong) mixing of a dynamial system implies its mild mixing.
The purpose of this paper is to present a ertain lass of speial ows over
irle irrational rotations whih are mildly mixing but not mixing. The rst
example of mildly mixing dynamial system that is not mixing (using Gaussian
proesses) was onstruted by Shmidt in [18℄. Another famous example of a
mildly mixing but not mixing system is the wellknown Chaon transformation
(here the mild mixing property follows diretly from the minimal self-joining
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property). Reently, the rst two authors proved in [5℄ that the lass of speial
ows built from pieewise absolutely ontinuous funtions with a nonzero sum
of jumps and over a rotation by α with bounded partial quotients is mildly
mixing. The absene of mixing follows from a more general result of Kohergin
[13℄ onerning speial ows built over any irrational rotation on the irle and
under funtions of bounded variation.
Opposite to the situation in [5℄, in this paper we will deal with the ase where
the sum of jumps of the roof funtion f is zero. Let Tx = x+α be an irrational
rotation on the irle, where α has bounded partial quotients. Let f : T→ R be
a positive pieewise absolutely ontinuous funtion whose derivative is square
integrable and let {ξ1, . . . , ξp} stand for the set of its disontinuity points. Let
di = d(ξi) stand for the value of the jump at ξi, i = 1, . . . , p, i.e.
d(ξ) = lim
x→ξ−
f(x) − lim
x→ξ+
f(x).
Suppose that the sum of jumps of f , i.e. S(f) =
∑p
i=1 di, is equal to zero.
Then without loss of generality we an assume that f is pieewise onstant.
Indeed, this follows from the fat that every absolutely ontinuous funtion
whose derivative is square integrable is ohomologous (whenever α has bounded
partial quotients) to a onstant funtion (the proof of this fat involves the
lassial small divisor argument).
Let us dene now two additional properties that f may satisfy:
(P1) whenever a nontrivial sum
∑p
i=1 nidi with ni ∈ Z, i = 1, . . . , p equals
zero, there exist 1 ≤ i < i′ ≤ p suh that ni and ni′ are nonzero and
ξi − ξi′ ∈ (Q+Qα) \ (Z+ Zα);
(P2) ∫
f(x) dx /∈
p∑
i=1
(ξi +Q+Qα)di.
Example. If f = a + bχ[0,ξ), where a, b > 0 and a/b /∈ Q + Qα and ξ ∈ (Q +
Qα) \ (Z + Zα), then f satises (P1) and (P2).
The main result of the paper, whose proof is postponed until Setion 6, is
the following ondition for the mild mixing.
Theorem 1. If α has bounded partial quotients and f : T→ R+ is a pieewise
onstant funtion satisfying properties (P1) and (P2) then T f is mildly mixing.
In the ase where the sum of jumps is nonzero the proof of the mild mixing
property (see [5℄) is based upon two tools: a property that emulates the Ratner
ondition introdued in [17℄ (we will desribe it in detail in Setion 5); and the
absene of partial rigidity.
In the ase of zero sum of jumps only the rst property will survive, although
Ratner's property will follow from dierent arguments than those from [5℄; the
property (P1) will play the main role. In ontrast with the method from [5℄,
speial ows onsidered here are partially rigid (speial ows under pieewise
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onstant funtions are partially rigid for an arbitrary irrational α; see Remark 5)
and we an not apply Lemma 3 in [5℄.
In Setion 3 we deal with a natural lass of singular ows on the twotorus
that arise from quasi-periodi Hamiltonians ows by veloity hanges. We give
some onditions, under whih they have speial representations satisfying (P1)
and (P2).
2 Basi denitions and notation
2.1 Fators
Assume that S = (St)t∈R is an ergodi ow on a standard probability spae
(X,B, µ). By that we mean always a so alled measurable ow, i.e. we require
that the map R ∋ t → 〈f ◦ St, g〉 ∈ C is ontinuous for eah f, g ∈ L
2(X,B, µ).
Let (tn)n∈N be a sequene of real numbers suh that tn → +∞. We say that a
ow S on (X,B, µ) is rigid along (tn) if
µ(A ∩ S−tnA) → µ(A) (1)
for every A ∈ B. By a fator we will mean any Sinvariant subσalgebra A of
B. Then a fator A ⊂ B of S is rigid along (tn) if the onvergene (1) holds for
every A ∈ A.
Reall that a ow is mildly mixing i it has no nontrivial rigid fator (see [1℄
p.84).
A ow S on (X,B, µ) is alled partially rigid along (tn) if there exists 0 <
u ≤ 1 suh that
lim inf
n→∞
µ(A ∩ S−tnA) ≥ uµ(A) for every A ∈ B.
Lemma 1. Let S = (St)t∈R be an ergodi measurepreserving ow on a proba-
bility standard Borel spae (X,B, µ). Suppose that S is not mildly mixing. Then
there exists a nontrivial fator A ⊂ B of S and (tn)n∈N with tn → +∞ suh
that
Stn → E( · |A),
weakly in L(L2(X,µ)), i.e. for any g, h ∈ L2(X,µ) we have
lim
n→∞
∫
X
h ◦ Stn · g dµ =
∫
X
E(h|A) · g dµ.
This lemma is a ontinuous time version of a result whih an be found in
[15℄ for measurepreserving transformations. For the ompleteness we outline
the main arguments from [15℄. The proof is based on the theory of joinings of
dynamial systems. For the bakground of this theory we refer the reader to [10℄.
By a selfjoining of a ow S = (St)t∈R on (X,B, µ) we mean any probability
(St × St)t∈Rinvariant measure on (X ×X,B ⊗ B) whose projetions on X are
equal to µ. The set of selfjoinings of S, denoted by J(S), onsidered with
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the weak topology beomes a metrizable ompat semitopologial semigroup
for the operation of omposition of selfjoinings (see [10℄ Ch.6 for denitions).
For every t ∈ R by µSt ∈ J(S) we dene the graph joining determined by
µSt(A×B) = µ(A∩S
−1
t B) for A,B ∈ B. Suppose that A
′
is a non-trivial rigid
fator of S. Then we put
I(A′) = {ρ ∈ J(S) : ρ|A′⊗A′ = (µId)A′ and ρ ∈ {µSt : t ∈ R}}.
Then, as notied in [15℄, I(A′) is a semitopologial ompat semigroup and
hene it ontains an idempotent, whih orresponds to a fator fullling the
requirements of Lemma 1.
Suppose that A ⊂ B is a fator. Let us onsider the standard (quotient)
probability Borel spae (X/A,A, µA), where µA is the image of µ via the fator
map pi : (X,B) → (X/A,A). Denoting by P(X,B) the set of probability mea-
sures on (X,B) let {µx ∈ P(X,B) : x ∈ X/A} be the disintegration of µ over
the fator σalgebra A. Then (see [7℄)
µx(A) = E(χA|A)(x)
and
µ(A) =
∫
X/A
µx(A) dµA(x)
for every A ∈ B and for µAa.e. x ∈ X/A. We say that A has nite bers
if there exists a natural number k suh that µx is the uniform measure on a
k-element set for µAa.e. x ∈ X/A.
2.2 Fration expansion and disrepany
We denote by T the irle group R/Z whih we will onstantly identify with the
interval [0, 1) with addition mod 1. Let λ stand for Lebesgue measure on T. For
a real number t denote by {t} its frational part and by ‖t‖ its distane to the
nearest integer number. For an irrational α ∈ T denote by (qn) its sequene of
denominators (see e.g. [14℄), that is we have
1
2qnqn+1
<
∣∣∣∣α− pnqn
∣∣∣∣ < 1qnqn+1 , (2)
where
q0 = 1, q1 = a1, qn+1 = an+1qn + qn−1
p0 = 0, p1 = 1, pn+1 = an+1pn + pn−1
and [0; a1, a2, . . . ] stands for the ontinued fration expansion of α.
Proposition 1. (DenjoyKoksma inequality, see [11℄) If f : T → R is a fun-
tion of bounded variation then∣∣∣∣∣
qn−1∑
k=0
f(x+ kα)− qn
∫
T
f dλ
∣∣∣∣∣ ≤ Var f
for every x ∈ T and n ∈ N.
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We say that α has bounded partial quotients if the sequene (an) is bounded.
If C = sup{an : n ∈ N}+ 1 then
1
2Cqn
<
1
2qn+1
< ‖qnα‖ <
1
qn+1
<
1
qn
for eah n ∈ N.
The following lemma is wellknown.
Lemma 2. Let α ∈ T be irrational with bounded partial quotients. Then there
are onstants C1, C2 > 0 suh that for eah m ∈ N the lengths of intervals I in
the partition of T arisen from 0,−α, . . . ,−(m− 1)α satisfy
C1
m
≤ |I| ≤
C2
m
.
We will also need the following simple fat.
Lemma 3. Let α ∈ T be irrational with bounded partial quotients and let
β ∈ Q + Qα. Then there exists c1 > 0 suh that for eah m ∈ N the lengths
of intervals I in the partition of T arisen from 0,−α, . . . ,−(m − 1)α, β, β −
α, . . . , β − (m− 1)α is at least c1/m.
Proof. Assume that β = (p1 + p2α)/q, where p1, p2 ∈ Z and q ∈ N. Suppose
that 0 ≤ r, s < m and β − sα 6= −rα mod 1. If q(r − s) + p2 6= 0, then from
Lemma 2 we have
q ‖(β − sα) + rα‖ ≥ ‖q ((β − sα) + rα)‖ = ‖(q(r − s) + p2)α‖
≥
C1
qm+ |p2|
≥
C1
(q + |p2|)m
,
whene ‖(β − sα) + rα‖ ≥ C1q(q+|p2|)m . If q(r − s) + p2 = 0, then
‖(β − sα) + rα‖ =
∥∥∥∥p1q
∥∥∥∥ ≥ 1q ≥ 1qm.
3 Singular ows on twotorus
Let H : R2 → R be a C∞quasiperiodi funtion, i.e.
H(x+m, y + n) = H(x, y) +mα1 + nα2
for all (x, y) ∈ R2 and m,n ∈ Z, and where α = α1/α2 is irrational. Points of
the two-torus are denoted as x, with real loal oordinates x and y. Then H
determines a (quasiperiodi) Hamiltonian ow (ht)t∈R on the torus assoiated
with the following dierential equation
dx
dt
= XH(x), where XH =
(
∂H
∂y
,−
∂H
∂x
)
.
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Figure 1:
Suppose that H has ritial points and H is in the general position, i.e. H
has no degenerate ritial points and has all ritial values distint. An example
of the graph of suh a Hamiltonian is plotted in Figure 1. In partiular, eah
ritial point is either a nondegenerate saddle point or a nondegenerate enter.
Moreover ritial point repeats periodially (with period 1 in eah oordinate)
but their ritial values are distint.


Figure 2:
Then reall results by Arnold [2℄. Any onneted omponent of a level set of
H passing through a ritial point is either bounded (a point or a lemnisate
like urve) or it has the shape of a folium of Desartes. In the unbounded
ase, the ritial value level set of H separates the plane into two unbounded
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omponents and a disk; the losure of the disk is alled a trap. A trap is
homeomorphi to a losed disk and has a ritial point on the boundary, alled
the vertex of the trap (the same terminology supplies when we pass to T2).
The phase portrait of the Hamiltonian ow on the torus determined by the
quasiperiodi Hamiltonian from Figure 1 is presented in Figure 2. In this ase
the ow has two traps (shaded areas). Then traps with distint verties are
disjoint. Therefore the phase spae of (ht)t∈R deomposes into traps lled with
xed points, separatries and periodi orbits, and an ergodi omponent EC
(white area in Figure 2) of positive Lebesgue measure.
3.1 From (ht) to singular ows
Now will hange veloity in the ow (ht)t∈R. Let Bi, i = 1, . . . , p be all traps
and xi, i = 1, . . . , p their verties. Suppose g : T
2 → R is a nonnegative C∞
funtion whih is positive on the torus exept of the points {x1, . . . , xp}. Let
us onsider the ow (ϕt)t∈R on T
2 \ {x1, . . . , xp} assoiated with the following
dierential equation
dx
dt
= X(x), where X(x) =
XH(x)
g(x)
.
Sine the orbits of (ϕt) and (ht) are the same (modulo xed points of (ht)),
the phase spae of (ϕt)t∈R deomposes into traps lled with ritial points,
separatries and periodi orbits, and the ergodi omponent EC with positive
Lebesgue measure.
Let us denote by ω = ωX ∈ F
1(EC) the 1form of lass C∞ given by
ω(Y ) = 〈X,Y 〉/〈X,X〉.
As it was proved in [6℄,
∫
EC dωX exists, and if α has partial bounded quo-
tients and
∫
EC
dωX 6= 0 then the ow (ϕt)t∈R on EC is weakly mixing and
simple in the joining sense.
The aim of this paper is an exploration of the ase
∫
EC dωX = 0. Let us
onsider the indued 1form iXHν on T
2
, where ν = dx ∧ dy, i.e.
iXHν(Y ) = dx ∧ dy(XH , Y ).
Sine the ow (ht) preserves the form ν, d(iXHν) = 0 (Liouville theorem). Let
σ1, σ2 : [0, 1]→ T2 stand for the pair of generators of H1(T2,Z) given by
σ1(t) = (t, 0), σ2(t) = (0, t) for t ∈ [0, 1].
Then ∫
σ1
iXHν =
∫ 1
0
dx ∧ dy(XH(t, 0), (1, 0))dt
=
∫ 1
0
∂
∂x
H(t, 0)dt = H(1, 0)−H(0, 0) = α1
and similarly
∫
σ2
iXHν = α2.
7
Fix x0 ∈ T
2
. Then ξi =
∫ xi
x0
iXHν is well dened up to Zα1 + Zα2 for
i = 1, . . . , p. Moreover, for every i = 1, . . . , p put
di = −
∫
∂Bi
ωX .
As it was shown in [6℄ di is well dened for i = 1, . . . , p and
p∑
i=1
di =
∫
EC
dωX = 0.
Theorem 2. Suppose that α1/α2 is an irrational number with bounded partial
quotients. Assume that
∫
EC
dωX = 0. If X satises the following properties:
1. whenever a nontrivial sum
∑p
i=1 nidi with ni ∈ Z, i = 1, . . . , p equals to
zero, there exist 1 ≤ i < i′ ≤ p suh that ni and ni′ are nonzero and
ξi − ξi′ ∈ (Qα1 +Qα2) \ (Zα1 + Zα2);
2. ∫
EC
g dν /∈
p∑
i=1
(ξi +Qα1 +Qα2)di,
then the ow (ϕt) is mildly mixing.
Remark 1. Notie that ξi − ξi′ + Zα1 + Zα2 does not depend on the hoie of
x0. Sine
∑p
i=1 di = 0,
∑p
i=1(ξi + Zα1 + Zα2)di does not depend on the hoie
of x0 as well.
3.2 Speial representation of (ϕt)
In this setion we will desribe a speial representation of the ow (ϕt) and we
will indiate why Theorem 2 follows from Theorem 1.
Assume that T is an ergodi automorphism of a standard probability spae
(X,B, µ). If f : X → R is a stritly positive integrable funtion, then by
T f = (T ft )t∈R we will mean the speial ow under f (see e.g. [3℄, Chapter 11)
ating on (Xf ,Bf , µf ), whereXf = {(x, s) ∈ X×R : 0 ≤ s < f(x)} and Bf (µf )
is the restrition of B ⊗ B(R) (µ⊗ λR) to Xf (λR stands for Lebesgue measure
on R). Under the ation of the ow T f eah point in Xf moves vertially at
unit speed, and we identify the point (x, f(x)) with (Tx, 0). More preisely, if
(x, s) ∈ Xf then
T ft (x, s) = (T
nx, s+ t− f (n)(x)),
where n ∈ Z is a unique number suh that
f (n)(x) ≤ s+ t < f (n+1)(x)
with
f (m)(x) =

f(x) + f(Tx) + . . .+ f(Tm−1x) if m > 0
0 if m = 0
−
(
f(Tmx) + . . .+ f(T−1x)
)
if m < 0.
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We an now desribe a speial representation of the ow (ϕt) whih appeared
in Setion 3. As it was proved by Arnold in [2℄, there exists a losed C∞
urve in EC transversal to the orbits of (ht)t∈R, and whih is homologous to
σ2. Fix a point x0 on the transversal. Let σ : [0, α2] → T2 be the indued
parameterization of the transversal suh that σ(0) = x0 and∫ σ(s)
σ(0)
iXHν = s for all s ∈ [0, α2].
Moreover, the rstreturn map (Poinaré map) is determined everywhere on the
urve, exept for the nite set {σ(βi) : i = 1, . . . , p} of points that are points
of the last intersetion of the inoming separatries of verties of traps with the
transversal urve (σ(βi) orresponds to xi). In the indued parameterization,
the rstreturn map is the rotation by α1 mod α2. Moreover, βi ∈ ξi+Zα1+Zα2
for i = 1, . . . , p.
For the ow (ϕt)t∈R on EC we will onsider the same transversal. Then
σ is also the indued parameterization for the vetor eld X and the form
g(x, y) dx∧dy whih is preserved by X . As it was proved in [6℄, the return time
is a C∞funtion of the parameters from [0, α2] everywhere exept of points βi,
i = 1, . . . , p. Moreover, this funtion f : [0, α2] → R+ is pieewise absolutely
ontinuous with jumps at βi of size di for i = 1, . . . , p and the derivative of f is
square integrable. Next notie that∫
EC
g(x, y) dx dy =
∫ α2
0
f(x) dx.
Indeed, let us onsider the parameterization
θ : {(s, x) : x ∈ [0, α2), 0 ≤ s < f(x)} → EC given by θ(s, x) = ϕs(σ(x)).
Then
d
ds
θ(s, x) = X(θ(s, x))
and ∫
EC
g(x, y) dx dy =
∫ α2
0
∫ f(x)
0
g(θ(s, x))| detDθ(s, x)| ds dx.
Moreover
detDθ(s, x) = det
[
d
ds
θ(s, x)
d
dx
θ(s, x)
]
= det
[
X(θ(s, x))
d
dx
θ(s, x)
]
=
1
g(θ(s, x))
DH(θ(s, x))
d
dx
θ(s, x) =
1
g(θ(s, x))
d
dx
(H ◦ θ)(s, x).
Moreover H(θ(s, x)) = H(ϕs(σ(x))) = H(σ(x)) and
x =
∫ σ(x)
σ(0)
iXHν =
∫ x
0
ν(XH , σ
′(t)) dt =
∫ x
0
d
dt
H◦σ(t) dt = H(σ(x))−H(σ(0)).
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Consequently, ∫
EC
g dν =
∫ α2
0
∫ f(x)
0
ds dx =
∫ α2
0
f(x) dx.
Finally, resaling [0, α2] by the multipliation by 1/α2 we onlude that (ϕt)
is isomorphi to the speial ow built over the irle rotation Tx = x+α, where
α = α1/α2 and under a pieewise absolutely ontinuous funtion f : T → R
whose derivative is square integrable. Moreover, the sum of jumps S(f) equals
zero and if Ξ = {ξ1, . . . , ξp} is the set of disontinuity points of f and di =
d(ξi) stand for the value of the jump at ξi, i = 1, . . . , p, then f satises the
properties (P1) and (P2). Without loss of generality we an assume that f is
right-ontinuous and 0 ≤ ξ1 < . . . < ξp < 1.
4 Properties of speial ows under pieewise on-
stant roof funtions
Let Tx = x + α be an irrational rotation and let f : T → R+ be a pieewise
absolutely ontinuous and rightontinuous funtion suh that S(f) = 0. Let
Ξ = {ξ1, . . . , ξp} stand for the set of disontinuity points of f and di = d(ξi)
stand for the value of the jump at ξi, i = 1, . . . , p.
Remark 2. Reall that if α has bounded partial quotients and ζ : T → R is
an absolutely ontinuous funtion with zero mean suh that ζ′ ∈ L2(T, λ) then
by the lassial small divisor argument ζ is a oboundary. It follows that every
pieewise absolutely funtion f : T → R whose derivative is square integrable
and suh that S(f) = 0 is ohomologous to a pieewise onstant funtion whose
disontinuities and jumps agree with disontinuities and jumps of f . We will
heneforth assume that f is pieewise onstant.
Remark 3. Notie that if f satises the property (P1) then for every m ∈ N
the set {ξi − jα : 1 ≤ i ≤ p, 0 ≤ j < m} is the set of disontinuities of f (m).
Indeed, if f (m) has no jump at ξi − jα then there exist 1 ≤ k1 < . . . < ku ≤ p
and 0 ≤ jl < m for l = 1, . . . , u suh that ξkl − jlα = ξi− jα for l = 1, . . . , u and∑u
l=1 dkl = 0, whih is impossible beause ξkl−ξkl′ ∈ Z+Zα for all 1 ≤ l, l
′ ≤ u.
Remark 4. Let a stand for the minimal value of f . Notie that∫
f(x) dx ∈ a+
p∑
i=1
diξi +
p∑
i=1
Zdi.
Indeed, sine
∑p
i=1 di = 0, we have∫
f(x) dx = f(ξp)−
p−1∑
i=1
 i∑
j=1
dj
 (ξi+1 − ξi) = a+ (f(ξp)− a) + p∑
i=1
diξi.
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Our laim follows from the fat that dierenes of all values of f belong to∑p
i=1 Zdi. Using additionally (P2) it follows that
a /∈
p∑
i=1
Qdi. (3)
We will now show that (P1) together with (P2) imply the weak mixing of
T f . Reall (see e.g. [12℄) that all we need to show for the weak mixing of T f is
that for every r ∈ R \ {0} the equation
ψ(Tx)/ψ(x) = e2piirf(x)
has no measurable solution ψ : T→ S1. Let ∼⊂ Ξ×Ξ stand for the equivalene
relation given by x ∼ y i y − x ∈ Zα. Sine
∑p
i=1 di = 0, the property (P1)
implies the existene of at least two nontrivial equivalene lasses.
Proposition 2. (see Proposition 1.9 (iii) and Corollary 1.6 in [9℄) The equation
ψ(Tx)/ψ(x) = e2piif(x)
has a measurable solution ψ : T→ S1 i∑
ξ′∼ξ
d(ξ′) ∈ Z for eah ξ ∈ Ξ and
∫
f(x) dx ∈ Z+ Zα.
Corollary 1. If f satises (P1) and (P2) then the speial ow T f is weakly
mixing.
Proof. Suppose ontrary to our laim that T f is not weakly mixing. Then by
Proposition 2 there exists r ∈ R \ {0} suh that
r
∑
ξ′∼ξ
d(ξ′) ∈ Z for eah ξ ∈ Ξ and r
∫
f(x) dx ∈ Z+ Zα.
By (P1),
∑
ξ′∼ξ d(ξ
′) 6= 0 for every ξ ∈ Ξ and hene
∑
ξ′∼ξ d(ξ
′) = nξ/r, where
nξ ∈ Z \ {0}. It follows that 1/r ∈
∑p
i=1Qdi, and hene∫
f(x) dx ∈
Z+ Zα
r
⊂
p∑
i=1
(Q+Qα)di. (4)
Fix η1 ∈ Ξ and let η2 be an element of Ξ suh that η1 ≁ η2. Sine∑
η′
i
∼ηi
d(η′) = ni/r for i = 1, 2,∑
η′1∼η1
n2d(η
′
1)−
∑
η′2∼η2
n1d(η
′
2) = 0.
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But ni 6= 0 for i = 1, 2 so by (P1), there exist η′1 ∼ η1 and η
′
2 ∼ η2 suh that
η′1 − η
′
2 ∈ Q+Qα, hene η1 − η2 ∈ Q+Qα. Sine η1 and η2 are arbitrary,
p∑
i=1
diξi ∈
p∑
i=1
di(ξ1 +Q+Qα) = S(f)ξ1 +
p∑
i=1
(Q +Qα)di =
p∑
i=1
(Q+Qα)di,
and hene
p∑
i=1
(ξi +Q+Qα)di =
p∑
i=1
(Q +Qα)di.
Thus by (4) ∫
f(x) dx ∈
p∑
i=1
(ξi +Q+Qα)di,
ontrary to (P2).
Remark 5. Notie that speial ows under pieewise onstant funtions are
partially rigid for an arbitrary irrational α. Indeed, suppose that f : T→ R is a
positive pieewise onstant right-ontinuous funtion for whih Ξ = {ξ1, . . . , ξp}
is the set of disontinuity points of f and di = d(ξi) stand for the value of the
jump at ξi, i = 1, . . . , p. Then
f (qn)(x)− f (qn)(0) = −
p∑
i=1
di
qn−1∑
j=0
χ(0,x](ξi − jα).
By the Denjoy-Koksma inequality,∣∣∣∣∣∣
qn−1∑
j=0
χ(0,x](ξi − jα)− qnx
∣∣∣∣∣∣ ≤ 2
for eah x ∈ T and ξi ∈ Ξ. Sine
∑p
i=1 di = 0, it follows that
f (qn)(x) − f (qn)(0) ∈ D :=
p∑
i=1
di · {−2,−1, 0, 1, 2}.
Put cf =
∫
f(x) dx. By the Denjoy-Koksma inequality, the sequene (f (qn) −
qncf )n∈N is uniformly bounded, so by passing to a subsequene, if neessary, we
an assume that
(f (qn) − qncf )∗λ→ P
in the spae P(R) of Borel probability measures on R, and f (qn)(0) − qncf →
γ. Then P is onentrated on the nite set {γ} + D. Now an appliation of
Proposition 4.1 from [4℄ yields
λf
((
T f
)
qncf
A ∩B
)
→
∫
R
λf
((
T f
)
−t
A ∩B
)
dP (t)
for every A,B ∈ Bf , whih implies the partial rigidity of T f along the sequene
(qncf + t0)n∈N, where t0 ∈ {γ}+D is a point for whih P ({t0}) > 0. 
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5 Ratner's property
Let Tx = x + α be an irrational rotation suh that α has bounded partial
quotients and let f : T→ R+ be a pieewise onstant rightontinuous funtion.
In this setion, we will show that, if f satises properties (P1) and (P2), then the
speial ow T f satises a ondition (alled Ratner's property) whih emulates
the Ratner ondition from [17℄.
Denition 1. (f. [5, 17, 20℄) Let (X, d) be a σompat metri spae, B be the
σalgebra of Borel subsets of X , µ a Borel probability measure on (X, d) and
let (St)t∈R be a ow on the spae (X,B, µ). Let P ⊂ R \ {0} be a nite subset
and t0 ∈ R \ {0}. The ow (St)t∈R is said to have the property R(t0, P ) if for
every ε > 0 and N ∈ N there exist κ = κ(ε) > 0, δ = δ(ε,N) > 0 and a subset
Z = Z(ε,N) ∈ B with µ(Z) > 1− ε suh that if x, x′ ∈ Z, x′ is not in the orbit
x and d(x, x′) < δ, then there are M = M(x, x′), L = L(x, x′) ≥ N suh that
L/M ≥ κ and there exists ρ = ρ(x, x′) ∈ P suh that
#{n ∈ Z ∩ [M,M + L] : d(Snt0(x), Snt0+ρ(x
′)) < ε}
L
> 1− ε.
Moreover, we say that (St)t∈R has the property R(P ) if the set of s ∈ R suh
that the ow (St)t∈R has the R(s, P )property is unountable.
As it is known (see [5℄ or [17℄ or [20℄) this Ratner's property implies that the
ow (St) is a nite extension of any its nontrivial fator.
Lemma 4. Assume that f satises the property (P1). Then there exist a nite
set F ⊂ R \ {0}, κ > 0 suh that for eah N ≥ 1 we an nd δ = δ(N) > 0 suh
that for eah x 6= y, ‖x− y‖ < δ there are L = L(x, y) ≥ N , M =M(x, y) ≥ N
suh that L/M ≥ κ and for some ρ ∈ F we have
f (n)(x) − f (n)(y) = ρ for eah integer n between M and M + L. (5)
Proof. Sine α has bounded partial quotients, there exists 0 < c < 1 suh that
‖jα‖ ≥
c
|j|
for j ∈ Z \ {0} and
qn+1
qn
≤
1
c
for all n ∈ N. (6)
Let H be a natural number suh that if ξi − ξi′ ∈ (Q+Qα) \ (Z+Zα) for some
1 ≤ i, i′ ≤ p then there exists a natural number h ≤ H suh that
h(ξi − ξi′) = m1 + αm2 with m1,m2 ∈ Z and |m2| ≤ H.
Put κ :=
c10
4pH2(1 + c5)
.
Given N ≥ 1 we put δ =
c7
2pH2(1 + c5)N
. Now x x 6= y suh that ‖x−y‖ <
δ and let s ≥ 1 be a unique number so that
2
qs+1
≤ ‖x− y‖ <
2
qs
. (7)
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Then
qs+1 ≥ 2/δ =
4pH2(1 + c5)
c7
N. (8)
We will now onsider n = qs, qs +1, . . . , qs+4 − 1 and look at the orresponding
values f (n)(x)− f (n)(y). We laim that for eah qs ≤ n < qs+4 we have
f (n)(x) − f (n)(y) ∈ V :=
{
p∑
i=1
ridi : ri ∈ [−R,R] ∩ N
}
, (9)
where R = 2/c5+1. Without loss of generality we an assume that x < y. Then
the funtion f (n) is pieewise onstant and
f (n)(x)− f (n)(y) =
p∑
i=1
n−1∑
j=0
diχ(x,y](ξi − jα).
Therefore we only need to show that there is a bounded number (ounted with
possible multipliities) of disontinuity points of f (qs+4) in the interval (x, y].
This is however lear beause by (6) and (7) we have
‖x− y‖ ≤
2
c4
1
qs+4
and for a xed 1 ≤ i ≤ p and any 0 ≤ j 6= j′ < qs+4,
‖(ξi − jα)− (ξi − j
′α)‖ ≥
c
qs+4
,
hene for a xed 1 ≤ i ≤ p there are at most R = 2/c5+1 numbers 0 ≤ j < qs+4
with ξi − jα ∈ (x, y] and the laim is proved.
Put F := V \ {0}. Notie that it is enough to indiate a suiently long
integer interval ontained in [qs, qs+4) suh that for eah n in this interval
f (n)(x) 6= f (n)(y). Indeed, suppose J ⊂ [qs, qs+4) a long enough integer in-
terval suh that for eah n ∈ J we have f (n)(x) 6= f (n)(y). In view of (9),
f (n)(y) − f (n)(x) ∈ F for n ∈ J . Note that if f (n) and f (n+1) have the same
points of disontinuity (ounted with possible multipliities) in the interval (x, y]
then f (n+1)(y)−f (n+1)(x) = f (n)(y)−f (n)(x). Sine f (qs+4) has at most Rp dis-
ontinuities in (x, y], we an split J into at most Rp+1 integer intervals so that
for every suh interval J˜ ⊂ J the sequene (f (n)(y) − f (n)(x))n∈ eJ is onstant.
Therefore if J ′ is the longest one then |J ′| ≥ |J |/(Rp+ 1) and for some ρ ∈ F
we have f (n)(y) − f (n)(x) = ρ for all n ∈ J ′. We will show in the sequel that
there exists suh an interval J , with J ⊂ [qs, qs+4] and |J | ≥ min(qs−1,
cqs
2H2 ).
The bounds M and M + L of an assoiated interval J ′ will satisfy M,L ≥ N
and L/M ≥ κ.
Suppose 0 ≤ i ≤ qs+1 is the smallest so that f
(qs+i)(x) = f (qs+i)(y); if
there is no suh i we pass diretly to the nal argument of this proof taking
J = [qs, qs+1]. We now look for the smallest j > 0 suh that for some 1 ≤ k ≤ p,
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ξk − (qs+ i+ j)α ∈ (x, y] (that is we wait until a new disontinuity point omes
in (x, y]). We have
0 < j < qs+1. (10)
Indeed, by basi properties of the disrepany Dqs+1(α), for eah z ∈ T in eah
interval of length 2/qs+1 there must be a point of the form z − wα for some
0 ≤ w < qs+1, and we apply this to the interval (x, y] and z = ξk − (qs + i)α
(for eah k = 1, . . . , p).
Hene, in view of the denition of j
f (qs+i+j+1)(x) 6= f (qs+i+j+1)(y). (11)
We now onsider f (qs+i+j+v)(y)−f (qs+i+j+v)(x) for v = 1, . . . , qs+4−(qs+i+j)
until (if it exists) v0 for whih f
(qs+i+j+v0)(x) = f (qs+i+j+v0)(y). We have
f (qs+i+j+v0)(x) = f (qs+i+j)(x) + f (v0)(T qs+i+jx)
(with the same formula for y), so by the denition of j we obtain
f (v0)(T qs+i+jx) = f (v0)(T qs+i+jy).
Moreover, by the denition of j, we have ξk ∈ (T qs+i+jx, T qs+i+jy] (we onsider
intervals on the irle) for some 1 ≤ k ≤ p. This implies that f , hene f (v0),
has some disontinuity points between x + (qs + i + j)α and y + (qs + i + j)α.
Therefore there exist ni ∈ N \ {0} for i = 1, . . . , u, with 1 ≤ u ≤ p and some
1 ≤ k1 < . . . < ku ≤ p suh that
0 = f (v0)(T qs+i+jx) − f (v0)(T qs+i+jy) =
u∑
i=1
nidki ,
whih by the assumption (P1) means that there are l 6= l′ suh that
ξkl − ξkl′ ∈ (Q +Qα) \ (Z+ Zα).
Moreover, ‖T qs+i+jx− T qs+i+jy‖ < 2qs and for some 0 ≤ w,w
′ < v0 we have
ξkl − wα, ξkl′ − w
′α ∈ (T qs+i+jx, T qs+i+jy],
and in partiular
‖(ξkl − wα) − (ξkl′ − w
′α)‖ <
2
qs
.
However
(Q +Qα) \ (Z+ Zα) ∋ ξkl − ξkl′ = (m1 +m2α)/h,
where m1,m2 ∈ Z with |m2| ≤ H and h ∈ N with h ≤ H . Therefore
‖ (h(w − w′)−m2)α‖
h
≤
∥∥∥∥m1 − (h(w − w′)−m2)αh
∥∥∥∥
= ‖(ξkl − wα) − (ξkl′ − w
′α)‖ <
2
qs
.
(12)
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Moreover h(w − w′) −m2 6= 0. Indeed, if h(w − w′)−m2 = 0 then ‖m1/h‖ <
2/qs < 1/H ≤ 1/h, therefore m1 = 0. But that gives
ξkl − ξkl′ =
m2α
h
= (w − w′)α ∈ Zα,
whih has been exluded. In view of (6), ‖ (h(w − w′)−m2)α‖ ≥
c
h|w−w′|+|m2|
.
Hene (by (12))
c
Hv0
≤
c
H(|w − w′|+ 1)
≤
c
h|w − w′|+ |m2|
≤
2H
qs
and nally v0 ≥
cqs
2H2 . It is now enough to take J = [qs + i + j, qs + i + j + v0]
to onlude.
If f (qs+i+j+v)(y) 6= f (qs+i+j+v)(x) for v = 1, . . . , qs+4 − (qs + i+ j) then we
an take J = [qs + i+ j, qs+4].
Now let J ′ ⊂ J be an integer interval suh that |J ′| ≥ |J |/(Rp+ 1) and for
some ρ ∈ F we have f (n)(y) − f (n)(x) = ρ for all n ∈ J ′. Let M,L be natural
numbers suh that J ′ = [M,M + L]. Then in view of (8) we obtain
L ≥ |J |/(Rp+ 1) ≥
c5
2p(c5 + 1)
min
(
qs+1 − qs,
cqs
2H2
, qs+4 − 2qs+1 − qs
)
≥
c5
2p(c5 + 1)
min
(
qs−1,
cqs
2H2
, qs+2
)
≥
c7
4pH2(c5 + 1)
qs+1 ≥ N,
M ≥ qs ≥ cqs+1 ≥ N,
and
L
M
≥
c7
4pH2(c5 + 1)
qs+1
qs+4
≥
c10
4pH2(c5 + 1)
= κ.
By Corollary 1, Lemma 4 and Lemma 6 in [5℄ and we have the following.
Theorem 3. Assume that α has bounded partial quotients and f : T → R+
is a pieewise onstant funtion satisfying properties (P1) and (P2). Then the
speial ow T f has the R(γ, P )property for every γ 6= 0.
Now from Theorem 4 in [5℄ and the subsequent remark we have the following.
Corollary 2. Assume that α has bounded partial quotients and f : T→ R+ is
a pieewise onstant funtion satisfying properties (P1) and (P2). Then T f is
a nite extension of eah of its nontrivial fators.
6 Mild mixing
Assume that T is an irrational rotation by α whih has bounded partial quotients
and f : T→ R+ is a pieewise onstant funtion satisfying properties (P1) and
(P2). In this setion using Ratner's property we will prove that T f is mildly
mixing.
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Lemma 5. Let Tx = x + α be an irrational rotation and let f : T → R be a
positive integrable funtion with respet to the measure λ. Suppose that A ⊂ Bf
is a fator of T f with nite bers, say kpoint in a.e. ber. Assume that A is
rigid and moreover that T ftn → E( · |A), for a xed real sequene (tn) going to
+∞. Then for eah ε > 0 we an nd a family {I1, . . . , Il} of pairwise disjoint
intervals on T of the same length ≤ ε for whih
∑l
j=1 |Ij | > 1 − ε, and n0 ∈ N
suh that for every n ≥ n0 and eah 1 ≤ j ≤ l there exists a measurable set
I
(n)
j ⊂ Ij suh that λ(I
(n)
j ) ≥
1
2
1
k |Ij | and if x ∈ I
(n)
j then there exists m ∈ N
suh that tn ∈ f (m)(x) + (−ε, ε) and ‖mα‖ < ε.
Proof. We divide the set T × (0, ε) into onseutive vertial strips (squares)
S1, . . . , Sl of width ε and the last strip whih may have smaller width. The fam-
ily I1, . . . , Il is dened as the base intervals of those squares. Then
∑l
j=1 |Ij | >
1− ε. By the assumption we know that
λf (T f−tn(Sj) ∩ Sj) →
∫
E(Sj |A)χSj dλ
f ,
for j = 1, . . . , l. Moreover E(Sj |A)(x, r) =
(
λf
)
piA(x,r)
(Sj), where
λf =
∫ (
λf
)
x
d
(
λf
)
A
(x)
denotes the disintegration of λf over the fator (Tf/A,
(
λf
)
A
) (and eah
(
λf
)
x
is the uniform measure on a k-element set) and piA : T
f → Tf/A is the natural
projetion. For eah S ∈ Bf , for a.a. (x, r) ∈ S we have
(
λf
)
piA(x,r)
(S) ≥ 1/k.
Applied to S = Sj this gives∫
E(Sj |A)χSj dλ
f ≥
1
k
λf (Sj).
Therefore there exists n0 ∈ N suh that for n ≥ n0 we have
λf (T f−tn(Sj) ∩ Sj) ≥
1
2k
λf (Sj)
for all j = 1, . . . , l. Suppose that (x, t) ∈ T f−tn(Sj) ∩ Sj and m ∈ N is a unique
number suh that f (m)(x) ≤ t+ tn < f (m+1)(x). Then
T ftn(x, t) = (T
mx, t+ tn − f
(m)(x)) ∈ Sj ⊂ X × (0, ε)
and hene tn ∈ f (m)(x) + (−ε, ε). Sine (x, t), (Tmx, t + tn − f (m)(x)) ∈ Sj
and the width of Sj is less than ε, we obtain ‖mα‖ = ‖Tmx − x‖ < ε. Taking
I
(n)
j = {x ∈ Ij : ∃0≤t<ε (x, t) ∈ T
f
−tn(Sj) ∩ Sj} ompletes the proof.
Assume that α has bounded partial quotients and f : T→ R+ is a pieewise
onstant funtion satisfying properties (P1) and (P2).
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Lemma 6. Under the assumptions on A of Lemma 5 there exist a nite set
0 /∈ F ⊂ R and 0 < ξ < 1 suh that for eah (suiently small) ε > 0 and
n ≥ n0, (n0 = n0(ε)) there exists a family (Ij)1≤j≤l of pairwise disjoint intervals
of length ≤ ε suh that
∑l
j=1 |Ij | > 1− ε and there exists a family
(
I˜
(n)
j
)
1≤j≤l
of measurable sets suh that I˜
(n)
j ⊂ Ij and λ(I˜
(n)
j ) > ξ|Ij | for j = 1, . . . , l, and
for every x ∈ I˜
(n)
j there exists s ∈ N for whih
f (s)(x) ∈ tn + F + (−ε, ε) and ‖sα‖ < ε.
Let us insist on the fat that the novelty of Lemma 6 after Lemma 5 is the
fat that 0 does not belong to F . Roughly speaking, the proof of Lemma 6
goes along the following lines: a little ε and a large n are xed. Sine f is
pieewise onstant, by Lemma 5 and its proof, there is a maximal family of
intervals K1,K2, . . . ,Kl suh that, for eah j, there exists s suh that for all
x ∈ Kj, |f (s)(x) − tn| < ε. The measure of ∪Lj=1Kj is not too small. Also, the
distanes between these Kj are not too small. We assoiate to eah Kj a right
adjaent interval K ′j. These new intervals will do the job.
Proof. Let a and b stand for the minimal and maximal value of f respetively.
Let F be the set of sums
dk1 + dk2 + . . .+ dku
suh that 1 ≤ k1 < . . . < ku ≤ p satisfy ξki − ξki′ /∈ (Q+Qα) \ (Z+ Zα) for all
1 ≤ i, i′ ≤ u. By (P1), 0 /∈ F . Let
F1 = {n0a+n1d1+ . . .+npdp : 0 < |n0| ≤ 2pb/a, |ni| ≤ 2pb/a+1, i = 1, . . . , p}.
In view of (3), 0 /∈ F1. Reall that (see Remark 3) for every m ∈ N the set
{ξi − jα : 1 ≤ i ≤ p, 0 ≤ j < m} is the set of disontinuities of f (m).
From Lemmas 2 and 3 there exist c1, c2 > 0 suh that for any natural m the
lengths of subintervals given by the partition of T into the points of disontinuity
of f (m) are at most c2/m and if ξi − ξj ∈ Q+Qα and ξi − rα 6= ξj − sα then
‖(ξi − rα) − (ξj − sα)‖ ≥
c1
m
for all 0 ≤ r, s < m. (13)
Fix 0 < ε < min(a/2, 1/2) suh that
(−2ε, 2ε) ∩ (F ∪ F1) = ∅. (14)
By Lemma 5 we get the family of intervals {I1, . . . , Il} and the natural number
n0 = n0(ε). We onsider now n ≥ n0 suh that
tn > max(16klc2b, 3ε). (15)
We now estimate for how many j's the graph of f (j) has a non-empty intersetion
with the retangle T×[tn−ε, tn+ε]. If m is the maximal, andm1 is the minimal
suh a j, then f (m) ≥ am and f (m1) ≤ m1b, so
m1 ≥ m ·
a
2b
and tn/2 ≤ m1b. (16)
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Furthermore, the length of any interval on whih f (s) is onstant for some
m1 ≤ s ≤ m is at most c2/m1. Moreover, for every m1 ≤ s ≤ m
if 0 < x′ − x < c1/m, x, x
′
are ontinuity points of f (s)
and f (s) is not onstant on [x, x′] then f (s)(x′)− f (s)(x) ∈ F.
(17)
Indeed,
f (s)(x)− f (s)(x′) =
p∑
i=1
s−1∑
j=0
diχ(x,x′)(ξi − jα)
and by (13) if ξi − jα, ξi′ − j′α ∈ (x, x′) then either ξi − ξi′ /∈ Q + Qα or
ξi − jα = ξi′ − j′α. It follows that for every 1 ≤ i ≤ p there exists at most one
0 ≤ j < s suh that ξi − jα ∈ (x, x′), and hene
f (s)(x)− f (s)(x′) = dk1 + dk2 + . . .+ dku ,
where 1 ≤ k1 < . . . < ku ≤ p and ξki − ξki′ /∈ (Q + Qα) \ (Z + Zα) for all
1 ≤ i, i′ ≤ u.
Let us onsider the set
Î
(n)
j :=
⋃
m1≤s≤m
Int{x ∈ Ij : f
(s)(x) ∈ (tn − ε, tn + ε), ‖sα‖ < ε}.
Then Î
(n)
j is the union of disjoint onseutive intervals J1, . . . , JN+1, i.e. Ji lies
on the left hand side of Ji+1 for all 1 ≤ i ≤ N . Sine I
(n)
j ⊂
⋃N+1
i=1 Ji, we have
λ(Î
(n)
j ) >
1
2k |Ij |.
Suppose that x ∈ Î
(n)
j and f
(s)(x), f (s
′)(x) ∈ (tn − ε, tn + ε) for some m1 ≤
s ≤ s′ ≤ m. Then
(s′ − s)a ≤ f (s
′−s)(T sx) = f (s
′)(x) − f (s)(x) ∈ [0, 2ε) ⊂ [0, a),
hene s = s′.
Suppose that x ∈ Ji and s is a natural number suh that f (s)(x) ∈ tn +
(−ε, ε). Then f (s) is onstant on Ji. Indeed, otherwise there exist ontinuity
points x, x′ ∈ Ji of f (s) suh that 0 < x′ − x < c1/m and f (s) is not onstant
on [x, x′]; then by (17),
f (s)(x′)− f (s)(x) ∈ F ∩ (−2ε, 2ε),
whih is impossible. It follows also that for every i = 1, . . . , N + 1 there exists
m1 ≤ si ≤ m suh that ‖siα‖ < ε and f (si)(x) ∈ tn + (−ε, ε) for all x ∈ Ji.
It is also lear that the ends of the interval Ji are disontinuities of f
(si)
for
i = 1, . . . , N + 1, maybe exept for the left hand end of J1 and the right hand
end of JN+1. Therefore |Ji| ≤ c2/m1 for i = 1, . . . , N + 1. Moreover,
1
4kl
≤
1
2k
|Ij | ≤ λ(I
(n)
j ) ≤ λ(
N+1⋃
i=1
Ji) ≤ (N + 1)
c2
m1
. (18)
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Hene, by (16) and (15) we obtain
N + 1 ≥
m1
4klc2
≥
tn
8klc2b
≥ 2
and hene N ≥ 1.
Notie that for every 1 ≤ i ≤ N the distane between Ji and Ji+1 is at least
c1/m. Otherwise, there exist ontinuity points x ∈ Ji, x′ ∈ Ji+1 for f (si+1) suh
that 0 < x′−x < c1/m. Sine f (si+1) is not onstant on [x, x′], by (17), we have
f (si+1)(x′)− f (si+1)(x) ∈ F . Then
f (si+1−si)(T six) = f (si+1)(x)− f (si)(x) ∈ f (si+1)(x′)− f (si)(x) − F
⊂ −F + (−2ε, 2ε) ⊂ (−2pb, 2pb),
sine F ⊂ (−pb, pb). It follows that |si+1 − si| ≤ 2pb/a and hene
f (si+1−si)(T six) = (si+1 − si)a+ n1d1 + . . .+ npdp,
where |nj | ≤ 2pb/a for j = 1, . . . , p. If si+1 6= si then
(−2ε, 2ε) ∋ f (si+1)(x′)− f (si)(x) ∈ f (si+1−si)(T six) + F ⊂ F1,
whih is a ontradition. Therefore si+1 = si and then
f (si)(x′)− f (si)(x) ∈ F ∩ (−2ε, 2ε),
whih is also impossible.
For every i = 1, . . . , N let J ′i stand for the open right adjaent to Ji interval
of length c1/m. If x
′ ∈ J ′i is a ontinuity point for f
(si)
then we an nd x ∈ Ji
suh that 0 < x′ − x < c1/m. So we have
f (si)(x′) ∈ f (si)(x) + F ⊂ F + tn + (−ε, ε), (19)
by (17), beause f (si) is not onstant on [x, x′]. Clearly, (19) holds also for
possible disontinuity points of f (si). Moreover
λ(
N⋃
i=1
J ′i) ≥
N
N + 1
c1/m
c2/m1
λ(
N+1⋃
i=1
Ji) ≥
c1a
8kc2b
|Ij |,
by (18) and (16). Set
I˜
(n)
j :=
N⋃
i=1
J ′i .
Then λ(I˜
(n)
j ) > ξ|Ij |, where ξ =
c1a
8kc2b
.
Lemma 7. Under the assumptions on A of Lemma 5 there exist a nite set F ,
with 0 /∈ F ⊂ R and a real ξ, with 0 < ξ ≤ 1 suh that for eah ε > 0 there exist
n0 ∈ N and a nite family {Pi,j,ε}i,j of pairwise disjoint retangles in Tf with
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diameter less than ε and whose union is of λf -measure at least 1 − ε suh that
for eah Pi,j,ε and n ≥ n0 there exists P˜
(n)
i,j,ε ⊂ Pi,j,ε with λ
f (P˜
(n)
i,j,ε) ≥ ξλ
f (Pi,j,ε)
suh that if (x, t) ∈ P˜
(n)
i,j,ε then
d(T ftn+ρ(x, t), (x, t)) < ε for some ρ ∈ F.
Proof. We x ε > 0 and onsider the family {Ii}li=1 as in Lemma 5 (taking ε/2
instead of ε). Let us onsider the family of all retangles of the form Pi,j,ε =
Ii × (jε/2, (j + 1)ε/2) whih are subsets of
Tfε := {(x, t) ∈ T
f : ε < t < f(x)− ε}
\
(
p⋃
u=1
[ξu − ε, ξu + ε]× [lim inf
x→ξu
f(x)− ε, lim sup
x→ξu
f(x)]
)
.
Taking ε small enough, we an make λf (∪i,jPi,j,ε) arbitrarily lose to 1. By
Lemma 6, there exist 0 < ξ < 1 (independent of ε) and n0 suh that for
eah n ≥ n0 there exists a family of measurable sets {I˜
(n)
1 , . . . , I˜
(n)
l } suh that
I˜
(n)
i ⊂ Ii and λ(I˜
(n)
i ) > ξ|Ii| for i = 1, . . . , l and for every x ∈ I˜
(n)
i there exist
s ∈ N and ρ ∈ F for whih
f (s)(x) ∈ tn + ρ+ (−ε/2, ε/2) and ‖sα‖ < ε/2. (20)
Suppose that (x, t) ∈ Pi,j,ε and x ∈ I˜
(n)
i . Let s be a natural numer for whih
(20) holds. Sine (x, t) ∈ Tfε and ‖sα‖ < ε, we have (T
sx, t) ∈ Tf and ε < t <
f(T sx)−ε. Let εn = tn+ρ−f (s)(x). Then |εn| < ε/2 and 0 < t+εn < f(T sx).
Therefore (T sx, t+ εn) ∈ Tf and
(T sx, t+ εn) = T
f
εn+f(s)(x)
(x, t) = T ftn+ρ(x, t).
Consequently
d(T ftn+ρ(x, t), (x, t)) = ‖T
sx− x‖ + |εn| = ‖sα‖+ |εn| < ε.
Now taking P˜
(n)
i,j,ε = {(x, t) ∈ Pi,j,ε : x ∈ I˜
(n)
i } ompletes the proof.
Lemma 8. Under the assumptions on A of Lemma 5 there exist a nite set F ,
with 0 /∈ F ⊂ R and a real ξ, with 0 < ξ ≤ 1 suh that for every A ∈ Bf we
have ∑
ρ∈F
λf (T f−tn−ρA ∩ A) ≥
ξ
2
λf (A)
for eah n large enough.
Proof. First suppose that A ⊂ Tf is a retangle. For every ε > 0 let
Aε =
⋃
i,j
{Pi,j,ε ⊂ A : d(Pi,j,ε, ∂A) > ε}.
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Fix ε > 0 suh that λf (Aε) ≥
1
2λ
f (A). By Lemma 7, for all n large enough
there exists P˜
(n)
i,j,ε ⊂ Pi,j,ε with λ
f (P˜
(n)
i,j,ε) ≥ ξλ
f (Pi,j,ε) suh that if (x, t) ∈ P˜
(n)
i,j,ε
then
d(T ftn+ρ(x, t), (x, t)) < ε for some ρ ∈ F.
Let
Aε,n =
⋃
i,j
{P˜
(n)
i,j,ε ⊂ Aε : d(P˜
(n)
i,j,ε, ∂A) > ε}.
Then λf (Aε,n) > ξλ
f (Aε). If for eah ρ ∈ F we put
Aρε,n = {(x, t) ∈ Aε,n : d(T
f
tn+ρ(x, t), (x, t)) < ε}
then Aρε,n ⊂ T
f
−(tn+ρ)
A ∩ A and Aε,n =
⋃
ρ∈F A
ρ
ε,n, whih yields
ξ
2
λf (A) ≤ λf (Aε,n) ≤
∑
ρ∈F
λf (Aρε,n) ≤
∑
ρ∈F
λf (T f−tn−ρA ∩ A). (21)
From this inequality, it is immediate that
ξ
2
λf (A) ≤
∑
ρ∈F
λf (T f−tn−ρA ∩ A).
is still true for any nite union of pairwise disjoint retangles. By standard
approximation of a Borel set in T×R by suh unions, the inequality extends to
any element of Bf .
Proof of Theorem 1. Suppose, ontrary to our laim, that T f is not mildly
mixing. By Lemma 1, there exists a nontrivial rigid fator A ⊂ Bf of T f and
(tn)n∈N with tn → +∞ suh that T
f
tn → E( · |A) weakly. From Corollary 2 it
follows that A ⊂ Bf is a fator of T f with nite bers. Using Lemma 8, for
every A ∈ A we have ∑
ρ∈F
λf (T f−tn−ρA ∩ A) ≥
ξ
2
λf (A)
for eah n large enough. Sine λf (T ftnA△A) → 0, we onlude that∑
ρ∈F
λf (T f−ρA ∩A) ≥
ξ
2
λf (A). (22)
for every A ∈ A. Let us onsider the ow T f on Tf/A. First notie that Tf/A
annot be nite. Otherwise, sine the extension Tf → Tf/A is nite, Tf is
nite, a ontradition. As T f on Tf/A is ergodi and Tf/A is not nite, a
Rokhlin lemma for ows insures the existene of A ∈ A of positive measure
suh that T f−ρA ∩A = ∅ for all ρ ∈ F . 
22
Referenes
[1℄ J. Aaronson, An introdution to innite ergodi theory, Mathematial Surveys and Mono-
graphs, 50 AMS, Providene, RI, 1997.
[2℄ V.I. Arnold, Topologial and ergodi properties of losed 1-forms with inommensurable
periods, (Russian) Funktsional. Anal. i Prilozhen. 25 (1991), 1-12; translation in Funt.
Anal. Appl. 25 (1991), 81-90.
[3℄ I.P. Cornfeld, S.V. Fomin, Ya.G. Sinai, Ergodi Theory, Springer-Verlag, New York, 1982.
[4℄ K. Fr¡zek, M. Lema«zyk, A lass of speial ows over irrational rotations whih is
disjoint from mixing ows, Ergod. Th. Dynam. Sys. 24 (2004), 1083-1095.
[5℄ K. Fr¡zek, M. Lema«zyk, On mild mixing of speial ows over irrational rotations
under pieewise smooth funtions, Ergod. Th. Dynam. Sys. 26 (2006), 719-738.
[6℄ K. Fr¡zek, M. Lema«zyk, Smooth singular ows in dimension 2 with the minimal
self-joining property, preprint.
[7℄ H. Furstenberg, Reurrene in ergodi theory and ombinatorial number theory, Prine-
ton University Press, Prineton, N.J., 1981.
[8℄ H. Furstenberg, B. Weiss, The nite multipliers of innite ergodi transformations. The
struture of attrators in dynamial systems (Pro. Conf., North Dakota State Univ.,
Fargo, N.D., 1977), Leture Notes in Math. 668, Springer, Berlin, 1978, 127132.
[9℄ P. Gabriel, M. Lema«zyk, P. Liardet, Ensemble d'invariants pour les produits roisés
de Anzai, Mém. So. Math. Frane (N.S.) 47 (1991), 102 pp.
[10℄ E. Glasner, Ergodi theory via joinings, Mathematial Surveys and Monographs, 101
AMS, Providene, RI, 2003.
[11℄ M. Herman, Sur la onjugaison diérentiable des diéomorphismes du erle à des ro-
tations, Publ. Mat. IHES 49 (1979), 5-234.
[12℄ A. Katok, Coyles, ohomology and ombinatorial onstrutions in ergodi theory (in
ollaboration with E. A. Robinson, Jr.), in Smooth Ergodi Theory and its appliations,
Pro. Symp. Pure Math., 69 (2001), 107-173.
[13℄ A.V. Kohergin, On the absene of mixing in speial ows over the rotation of a irle
and in ows on a two-dimensional torus, Dokl. Akad. Nauk SSSR 205 (1972), 949-952.
[14℄ Y. Khinhin, Continued Frations, Chiago Univ. Press, Chiago, 1964.
[15℄ M. Lema«zyk, F. Parreau, Lifting mixing properties by Rokhlin oyles, preprint.
[16℄ J. von Neumann, Zur Operatorenmethode in der klassishen Mehanik, Ann. of Math.
(2) 33 (1932), 587-642.
[17℄ M. Ratner, Horoyle ows, joinings and rigidity of produts, Ann. of Math. (2) 118
(1983), 277-313.
[18℄ K. Shmidt, Asymptoti properties of unitary representations and mixing, Pro. London
Math. So. (3) 48 (1984), 445-460.
[19℄ K. Shmidt, P. Walters, Mildly mixing ations of loally ompat groups, Pro. London
Math. So. (3) 45 (1982), 506-518.
[20℄ J.-P. Thouvenot, Some properties and appliations of joinings in ergodi theory, in Er-
godi theory and its onnetions with harmoni analysis (Alexandria, 1993), London
Math. So. Leture Note Ser., 205, Cambridge Univ. Press, Cambridge, 1995, 207-235.
E-mail addresses: frazekmat.uni.torun.pl
mlemmat.uni.torun.pl
lesigneuniv-tours.fr
23
